Abstract. M. Cahen and S. Gutt found the moment map for the action of the symplectomorphism group on the symplectic affine space of symplectic connections on a symplectic manifold. Here a symplectic connection is called extremal if it is critical for the L 2 norm of the Cahen-Gutt moment map with respect to arbitrary variations. This paper studies extremal and moment constant volume-preserving connections on surfaces. A symplectic connection is extremal if and only if the Hamiltonian vector field generated by its moment map image acts on it as an infinitesimal automorphism. In particular, moment constant connections are extremal. A projectively flat symplectic connection is moment flat. A preferred symplectic connection is extremal. On a compact surface the Levi-Civita connection of a Kähler structure is extremal symplectic if and only if it has constant curvature, and more generally it is shown that on a compact surface an extremal connection is either projetively flat or is somehow inherently nonmetric. On a compact surface of genus at least two an extremal symplectic connection is moment flat. On the plane there are constructed examples of extremal symplectic connections that are neither moment constant nor preferred. Similar examples are found on the sphere, but they not smooth at the poles. On any compact surface there are moment flat symplectic connections that are not projectively flat. More precisely, it is shown that, for a compact surface, the map associating to an orbit of the connected component of the identity of the symplectomorphism group acting in the space of moment flat symplectic connections the cohomology class of the one-form obtained by contracting with the symplectic form the projective Cotton tensor of a representative connection is surjective onto the first cohomology of the surface. W. Goldman described the space of strictly convex flat real projective structures on a closed surface by symplectic reduction utilizing that the projective Cotton tensor is a moment map for the action of the diffeomorphism group on the space of such projective structures. The close relation between the Cahen-Gutt and Goldman moment maps for a surface equipped with a volume form is explained.
Introduction
The symplectomorphism group symp of the symplectic manifold (M, Ω) acts on the symplectic affine space S(M, Ω) comprising symplectic connections (those torsion-free affine connections preserving Ω), and M. Cahen and S. Gutt showed that the action is Hamiltonian, calculating a moment map denoted here by K(∇) for ∇ ∈ S(M, Ω). For connection ∇ on a surface preserving the volume form Ω ij and having Ricci tensor R ij , −2K(∇) equals the symplectic divergence Ω ij ∇ i ρ j of the symplectic trace ρ i = Ω pq C pqi of the projective Cotton tensor C ijk = −2∇ [i R j]k of the projective structure generated by the given connection, which was shown by W. Goldman to be a moment map for the action of the diffeomorphism group on the space of projective structures. Consequently, projectively flat volume-preserving connections are moment flat, but the converse generally fails.
The Hermitian scalar curvature of a Kähler metric is a moment map for the action of the group of Hamiltonian diffeomorphisms on the bundle of almost complex structures and extremal Kähler metrics are defined to be the critical points of the L 2 -norm of this moment map with respect to variations within a given Kähler class. Here K is regarded as an analogue of the scalar curvature of a metric connection. This analogy suggests calling extremal symplectic a connection ∇ ∈ S(M, Ω) critical with respect to arbitrary compactly supported variations for the L 2 norm E(∇) =´M K(∇)
2 Ω. Although the analogy is incomplete in that it does not extend to the classes of variations considered, there being no obvious analogue for symplectic connection of variation within a Kähler class, the results obtained suggest that it provides a reasonable guide to expectations. For example, a Kähler metric is extremal if and only if the gradient of its scalar curvature is a real homorphic vector field, and, similarly, a symplectic connection ∇ is extremal if and only if the Hamiltonian vector field generated by K(∇) is an infinitesimal automorphism of ∇. In particular moment constant symplectic connections are extremal.
This article studies extremal symplectic connections on surfaces. The following incomplete list of the results obtained for volume-preserving connections on surfaces indicates the scope of the paper.
(1) A projectively flat connection is moment flat. More precisely, the Cahen-Gutt moment map can be identified with the differential of a scalar multiple of the projective Cotton tensor. (2) On a compact surface there exist moment flat symplectic connections that are not projectively flat (Theorem 6.1). Precisely, for a compact surface, the map associating to an orbit of the connected component of the identity of the symplectomorphism group acting in the space of moment flat symplectic connections the cohomology class of the one-form obtained by contracting with the symplectic form the projective Cotton tensor of a representative connection is surjective onto the first cohomology of the surface (Theorem 2.6). (3) A preferred symplectic connection is extremal (Theorem 5.1). (The content of this claim is implicit in the paper [5] of F. Bourgeois and M. Cahen.) (4) On the plane there exist extremal symplectic connections that are not moment flat (see section 5). There is a family of examples (Theorem 5.9) that are extremal symplectic and complete but which are not preferred except for a special case found previously in [5] . (5) On a compact surface of genus at least two an extremal symplectic connection is moment flat (Theorem 2.3). This is analogous to the thereom of E. Calabi that on a compact surface an extremal Kähler metric has constant curvature. (Whether the requirement that the genus be at least two is necessary has not been resolved.) (6) On the complement of two poles in the two sphere with its standard volume form there exists a one-parameter family of extremal symplectic connections that are neither moment flat nor preferred (Theorem 5.11) and which extend continuously but not differentiably at the poles. (7) On a compact surface, the Levi-Civita connection of a Kähler metric is extremal symplectic if and only if the metric has constant scalar curvature (Theorem 7.3). (8) On a compact oriented surface of genus at least one, a symplectic connection that differs from the Levi-Civita connection of a Riemannian metric by the real part of a cubic differential holomorphic with respect to the complex structure determined by the metric is moment flat if and only if it is projectively flat (Theorem 7.4).
The two key technical observations underlying structural results for extremal symplectic connections that are not moment flat are the following, explained in detail in Lemmas 5.3 and 5.6. First, for an extremal ∇ ∈ S(M, Ω) there is a constant τ such that K 2 +ρ(H K ) = τ , where H K is the Hamiltonian vector field generated by K. Second, the zero set of τ − K 2 is a union of isolated points and geodesic circles, and on its complement there are canonical action-angle coordinates where the action variable is simply K and the angle variable is a primitive of the closed one-form σ = (τ − K 2 ) −1 ρ. In the special setting of preferred connections, some form of both these observations plays a key role in [5] , and this signaled their importance in the more general context of extremal symplectic connections.
In conjunction with (5), (7) and (8) can be interpreted as saying that extremal symplectic connections of metric origin are projectively flat. This contrasts with (2) that shows that moment flat connections that are not projectively flat abound. On the other hand, although a handful of the connections constructed are shown to be complete, most probably are not, and the issue has not been analyzed systematically. In general for affine connections useful criteria for determining the completeness of a connection are not available, and, even in the case of flat affine connections, it is not clear that the completeness property has the same importance as it has in the metric setting.
While many results obtained here extend to higher dimensions, the close relation between projective and moment flatness, for example claim (2) of Theorem 2.1 or the conclusion of Lemma 2.2, has no obvious such extension. Although the two-dimensional case has some special features, the results suggest many interesting questions about extremal symplectic connections in higher dimensions that will be addressed in future work.
Overview and principal theorems
This section records the notation, conventions, and background needed throughout the paper. Additionally, the main results and their context are surveyed. Throughout, (M, Ω) is a connected boundaryless symplectic two-dimensional manifold oriented by the volume form Ω.
2.1.
Background and basic definitions. Frequently, tensors are indicated using the abstract index notation. Indices are labels and do not indicate a choice of frame, although if one is fixed indices can be interpreted as indicating components with respect to it. Enclosure of indices in square brackets (resp. parentheses) indicates complete antisymmetrization (resp. symmetrization) over the enclosed indices. The up position is used to label contravariant tensors and the down position to label covariant tensors. The summation convention is always used in the following form. Indices are in either up position or down. A label appearing as both an up and a down index indicates the trace pairing. Indices are raised and lowered (respecting horizontal position) using the symplectic form Ω ij and the dual antisymmetric bivector Ω ij subject to the conventions X i = X p Ω pi and X i = Ω ip X p (so that Ω ip Ω pj = −δ j i , where δ j i is the canonical pairing between the tangent space and its dual).
A torsion-free affine connection on a symplectic manifold (M, Ω) is symplectic if ∇ i Ω jk = 0 (here, a symplectic connection is always torsion-free). Every symplectic manifold admits a symplectic connection, for if∇ is any torsion-free affine connection then ∇ =∇ + 2 3 Ω kp∇ (i Ω j)p is symplectic. An almost complex structure J i j is compatible with Ω ij if g ij = −J i p Ω pj = −J ij is symmetric and positive definite. Since M is a surface, any almost complex structure is integrable, and so (g, J, Ω) is a Kähler structure; to specify it, it suffices to specify any two of g, J, and Ω. In particular, in this case the Riemannian volume element dvol g equals Ω and the Levi-Civita connection D of g is symplectic. For a nondegenerate covariant symmetric two-tensor g ij , g ij always denotes the inverse symmetric bivector, and not the tensor obtained by raising indices with Ω ij . In any case, when g ij is determined by a compatible complex structure, the two possible meanings for g ij coincide. Let C ∞ c (M ) denote compactly supported smooth functions. The group Symp of symplectomorphisms of (M, Ω) comprises compactly supported diffeomorphisms of M that preserve Ω. Its Lie algebra symp comprises compactly supported vector fields X such that L X Ω = 0; equivalently the one-form X = Ω(X, · ) is closed. Since the Hamiltonian vector field
, the compactly supported Hamiltonian vector fields constitute a subalgebra ham ⊂ symp. On a surface, {f, g}Ω = df ∧ dg = d(f dg), so that {f, g}Ω is always exact. Since if M is compact,´M {f, g} Ω = 0 for f, g ∈ C ∞ (M ), the subspace C By a theorem of A. Banyaga, the infinitesimal generator of a flow by Hamiltonian diffeomorphisms is a Hamiltonian vector field, so that the Lie algebra of Ham is ham.
For a smooth vector bundle E → M , S k (E) denotes the kth symmetric power of E, and Γ(E) denotes the vector space of smooth sections of E. For α ∈ Γ(S k (T * M )), write |α| = k. The symmetric bilinear pairing of α, β ∈ Γ(S k (T * M )) defined by α, β =´M α i1...i k β i1...i k Ω is graded symmetric in the sense that α, β = (−1) |α||β| β, α . If a function is regarded as a 0-tensor, then · , · agrees with the Symp-invariant L 2 inner product f, g =´M f g Ω on C ∞ (M ). Using a compatible complex structure it is straightforward to show that the pairing α, β is (weakly) nondegenerate in the sense that if α, β = 0 for all compactly supported β ∈ Γ(S q (T * M )) then α = 0. The affine space S(M, Ω) of symplectic connections on (M, Ω) is modeled on the vector space
means Ω is parallel, so closed, and so Ω is a symplectic form.
The diffeomorphism group Diff(M ) of M acts on the right, by pullback, on the affine space A(M ) of torsion-free affine connections on M ; for φ ∈ Diff(M ), φ
Since the pullback of a symplectic connection via a symplectomorphism is again symplectic, the action of Symp on A(M ) preserves the subspace S(M, Ω) and the form Ω. This suggests that interesting classes of symplectic connections should be identified in terms of the symplectic geometry of the symplectic affine space (S(M, Ω), Ω) and the action on it of Symp (and its subgroup Ham).
The curvature
; the Ricci curvature is R ij = R pij p . Sometimes, for readability, there will be written Ric or Ric ij instead of R ij . If ∇ ∈ S(M, Ω), then, since Ω is ∇-parallel, ∇ has symmetric Ricci tensor, for 2R [ij] 
With the Bianchi identity this yields R p p ij = −2R ip p j = 2R pij p = 2R ij ; it follows that every nontrivial trace of R ijkl is a constant multiple of R ij . Since, on a surface, 2α ij = α p p Ω ij for any two-form α ij ,
showing that the curvature is completely determined by the Ricci curvature.
2.2.
The moment map and curvature one-form. Absent some auxiliary metric structure, there is no reasonable notion of scalar curvature for a symplectic connection, but the symplectic dual of the curvature one-form
is a reasonable analogue of the Hamiltonian vector field generated by the scalar curvature of a Kähler metric. By the traced differential Bianchi identity 2g
Kähler structure (Ω, g, J) with Levi-Civita connection D and scalar curvature R g = g ij R ij there holds
Equivalently, the vector field ρ ♯ i metrically dual to ρ i is the negative of the Hamiltonian vector field generated by the scalar curvature:
Rg . In particular, a Kähler metric has constant scalar curvature if and only if ρ = 0, and is extremal if and only if ρ ♯ i is a real holomorphic vector field. For a general symplectic connection the curvature one-form ρ i serves as a substitute for the rotated differential of the scalar curvature, and the vanishing of ρ is a reasonable substitute for the condition of constant scalar curvature.
Two torsion-free affine connections are projectively equivalent if the image of each geodesic of one is contained in the image of a geodesic of the other. This is the case if and only if their difference tensor has the form 2γ (i δ j) k for some one-form γ i . A projective structure [∇] is a projective equivalence class of torsion-free affine connections. The space of projective structures on M is written P(M ). The space P(V) of principal connections on the R × principal bundle V obtained by deleting the zero section from | det T * M | is an affine space modeled on Γ(T * M ). The map sending ∇ to ([∇], β), where β ∈ P(V) is induced by ∇, is an affine bijection between the affine space A(M ) and P(M ) × P(V) that is equivariant for the action of Γ(T * M ) on A(M ) generating projective equivalence, and the action of Γ(T * M ) on P(M ) × P(V) by (appropriately scaled) translations in the second factor; the quotient of A(M ) by this action is P(M ). The projective Cotton tensor
, does not depend on the choice of representative ∇ ∈ [∇]. The projective structure [∇] is projectively flat if C ijk = 0; this is equivalent to the existence of an atlas of charts with transition functions in P GL(3, R). Given ∇ ∈ S(M, Ω), the differential Bianchi identity shows
Consequently, a projective structure [∇] on an orientable surface is projectively flat if and only if for some, and hence every, volume form Ω ij , there vanishes the curvature one-form ρ i of the unique representative ∇ ∈ [∇] for which Ω ij is parallel.
An action of a Lie group G on a symplectic manifold (M, Ω) is symplectic if G acts by symplectic diffeomorphisms. The Lie algebra homomorphism from the Lie algebra g of G to symp defined by
exp(−tx) · p is Hamiltonian if there is a map µ : M → g * , equivariant with respect to the action of G on M and the coadjoint action of G on g * , such that for each x ∈ g, the Hamiltonian vector field H µ(x) equals X x ; µ is called a moment map. In [7] (see also [4] or [19] ), M. Cahen and S. Gutt showed that, for a symplectic manifold of arbitrary dimension, the map K :
is a moment map for the action of Ham on the symplectic affine space (S(M, Ω), Ω). The part of (2.4) quadratic in the curvature is a constant multiple of the contraction of Ω ∧ Ω with the first Pontryagin form of the connection ∇ and so vanishes identically on a symplectic 2-manifold. Hence, on a surface, 2K(∇) = ∇ p ρ p . Alternatively, (2.1) yields the identities 2R
2 R i abc R jabc , and R ijkl R ijkl = 2R ij R ij , and in (2.4) these yield 2K(∇) = ∇ p ρ p . It is reasonable to ask if the action of Symp on S(M, Ω) is also Hamiltonian. Because symp is identified with closed one-forms, a moment map for Symp must take values in the space Λ 1 (M )/d ′ Λ 2 (M ) of smooth one-forms modulo coexact one-forms, where the symplectic codifferential
Its codifferential should be K(∇), so that when consideration is restricted to ham, it recovers K(∇). The precise meaning of the dual of ham depends on a choice of a topology that is not relevant here. Since integration against f Ω defines a linear functional on ham for any f ∈ C ∞ (M ), whatever the dual space ham * means precisely, it contains a subspace that can be identified with the normalized Hamiltonian functions (
as M is or is not compact). This condition makes sense because the codifferential of a coexact one-form is zero.
Theorem 2.1. Let (M, Ω) be a symplectic 2-manifold.
(1) (M. Cahen, S. Gutt; [7] ) The map K : S(M, Ω) → ham * defined by 2K(∇) = ∇ p ρ p is a moment map for the action of Ham on S(M, Ω), equivariant with respect to the natural actions of Symp.
(2) The map sending ∇ ∈ S(M, Ω) to − 1 2 ρ is a moment map for the action of the group Symp of volume-preserving diffeomorphisms on S(M, Ω), equivariant with respect to the natural actions of Symp.
For the reader's convenience, Theorem 2.1 is proved in section 3. While the proof given of (1) is organized differently than that given in [4] or [19] , there is no real novelty.
2.3. Moment constant and extremal symplectic connections. A symplectic connection ∇ for which K(∇) is constant or zero will be said to be moment constant or to be moment flat. Since the curvature tensor of a locally symmetric ∇ ∈ S(M, Ω) is parallel, any scalar quantity formed from it and ∇ is constant, and so, in this case, ∇ is moment constant. More generally, the same is true if the group of automorphisms of ∇ ∈ S(M, Ω) acts on M transitively by symplectomorphisms. When M is compact´M K(∇) Ω = 0, so on a compact symplectic 2-manifold, K(∇) is constant if and only if it is 0. Consequently, if K(∇) is constant and nonzero then M must be noncompact. Lemma 2.2. On a surface, a projectively flat symplectic connection is moment flat.
Proof. By (2.3) and
K(∇) = 0 if and only if ρ is closed, or, equivalently, the vector field ρ i is symplectic.
Examples of moment flat connections that are not projectively flat are given in sections 5 and 6. The basic question of which closed one-forms are cohomologous to the curvature one-form of a moment flat symplectic connection is discussed in detail below.
That K is a moment map is similar to the statement (due to [13] ) that the Hermitian scalar curvature of the associated Hermitian connection is a moment map for the action of Ham on the space of almost complex structures compatible with a given symplectic structure. The critical points with respect to variations within a fixed Kähler class of the Calabi functional, the squared L 2 norm of the scalar curvature, are the extremal Kähler metrics first studied in [9] . Given a symplectic 2-manifold (M, Ω), define a functional E : S(M, Ω) → R by
By the Symp-equivariance of K, E is constant along Symp orbits in S(M, Ω). A symplectic connection ∇ ∈ S(M, Ω) is extremal if it is a critical point of E for arbitrary compactly supported variations. The terminology reflects the analogy with extremal Kähler metrics. In it K plays the role of the Hermitian scalar curvature and E plays the role of the Calabi functional. A Kähler metric is extremal if and only if the (1, 0) part of the metric gradient of its scalar curvature is holomorphic. Lemma 4.1 shows that, analogously, a symplectic connection ∇ is extremal if the Hamiltonian vector field H K(∇) generated by its moment map image is an infinitesimal automorphism of ∇.
Since it is necessarily moment flat, a moment constant symplectic connection on a compact surface is an absolute minimizer of E. On a compact manifold, constant scalar curvature metrics are absolute minimizers of the Calabi functional. In fact, by Theorem 1.5 of [12] , every extremal Kähler metric is an absolute minimizer of the Calabi functional. It is not clear to what extent the analogous statements for extremal symplectic connections should be expected to be valid because the space over which E is varied is (in some imprecise sense) much larger than the fixed Kähler class over which the Calabi functional is varied. The second variation of E is computed in Lemma 4.5, and while formally it resembles the second variation in the Kähler setting, it yields useful information less readily. By Corollary 4.4, the second variation is nonnegative at a moment constant connection. The consequence that on a compact surface moment constant symplectic connections are absolute minimizers is in any case obvious since E is nonnegative. On the other hand, in section 5 there is constructed a one-parameter family ∇(t) of extremal symplectic connections on S 2 that are not absolute minimizers because E(∇(t)) takes on all possible positive real values, but these connections fail to be differentiable at two points of S 2 .
In the Kähler setting the uniformization theorem classifies the constant scalar curvature metrics, while Calabi's theorem shows that on compact surfaces the extremal Kähler metrics are simply constant curvature metrics (for simplicity the more complicated situation in the noncompact case is not discussed here). In the setting of symplectic connections, the work of Goldman, Labourie, and Loftin gives a good understanding of the convex flat projective structure on compact surfaces similar to that afforded by the uniformization theorem (although still not so complete), and the principal remaining questions are understanding the difference between moment flat connections and projectively flat connections, and understanding the difference between extremal symplectic connections and moment constant connections. For both questions relevant example are constructed and some substantial partial answers are obtained, but neither is completely resolved. The remainder of this section describes what has been obtained.
2.4.
Extremal connections that are not moment flat. A symplectic connection is preferred if the symmetrized covariant derivative ∇ (i R jk) of its Ricci tensor vanishes. These are the equations of the critical points of the functional´M R ij R ij Ω on S(M, Ω) (see (3.16) ). For surfaces preferred symplectic connections were studied in [5] , where they are called solutions to the field equations. Purely local computations yield Theorem 5.1, showing that a preferred symplectic connection is extremal. Since there are preferred symplectic connections that are not moment flat, this motivates studying extremal symplectic connections that are not moment constant.
The essential content of Theorem 5.1, that the Hamiltonian flow generated by K preserves ∇, is contained in Proposition 6.1 of [5] , and its proof there uses K, ρ, and identities relating them and their differentials that continue to be valid in the more general setting of extremal symplectic connections considered here. This motivated much of section 5, where the key technical results that facilitate the description of an extremal symplectic connection ∇ are recorded.
Since H K preserves ∇, it preserves the curvature tensors associated to ∇. From L H K ρ = 0 it follows that there is a constant τ such that K 2 + ρ p dK p = τ . Using this identity it can be concluded that when K is not constant each connected component of its critical set is an isolated point or an isolated closed ∇-geodesic. On the complementM of the set where dK ∧ ρ vanishes the one-form σ = (τ − K 2 ) −1 ρ is closed and Ω = dK ∧ σ. This can be interpreted as saying that K and a local primitive of σ constitute canonical action-angle coordinates onM ; precisely the action coordinate K is a moment map for the action of the flow of the symplectically dual vector field σ .
These observations are detailed in Lemma 5.3. They are useful both for constructing examples and for proving that extremal implies moment constant. On the one hand, in trying to construct examples of extremal but not moment flat symplectic connections, it can be assumed that Ω has the standard Darbouc form dx ∧ dy, that K(∇) equals x + a for some constant a, and hence that ρ = (τ − (x + a)
2 ) −1 dy. The connection ∇ can be written as ∂ + Π where ∂ is the standard flat affine connection preserving dx and dy, and ρ, K, and the equations L H K ∇ = 0 can be computed explicitly in terms of the components of Π. The results of such an approach are stated in Lemmas 5.7 and 5.8 and they are used to construct examples discussed further below.
In [5] there is constructed a complete preferred symplectic connection on the plane that is not moment constant, and with Theorem 5.1, this yields an example of an extremal symplectic connection that is not moment constant (and so not projectively flat). Theorem 5.9 embeds these examples in a larger family of extremal symplectic connections that in general are neither preferred nor moment constant and that are complete for some choices of parameters. These examples are constructed finding explicit solutions of the equations obtained from Lemmas 5.7 and 5.8.
On the other hand, by Theorem 7.2 of [5] a preferred symplectic connection on a compact surface has parallel Ricci tensor; in particular it has ρ = 0 so is projectively flat. Consequently, Theorem 5.1 (the extremality of preferred connections) yields no interesting examples of extremal symplectic connections on compact surfaces. By Theorem 3.1 of [9], on a compact surface an extremal Kähler metric has constant scalar curvature. These results both suggest that on a compact surface any extremal symplectic connection must be moment flat. Theorem 2.3 partly confirms this expectation. Theorem 2.3. Let (M, Ω) be a compact symplectic two-manifold. If the genus of M is at least two then any extremal ∇ ∈ S(M, Ω) is moment flat.
The canonical action-angle coordinates described above are used to show that, when M is compact, each connected component ofM carries a complete flat Kähler structure preserved by H K . This is enough to conclude that the connected components ofM are diffeomorphic to cylinders and so M is obtained by gluing together disks and cylinders, so must have nonnegative Euler characteristic. This argument leaves open the possibility that on the sphere or torus there are extremal symplectic connections that are not moment flat.
The equations for K and H K in Darboux coordinates recounted in Lemma 5.7 are sufficiently complicated that a complete analysis of them has not been made, but with various simplifying assumptions they yield tractable equations that yield several classes of examples. The first such simplifying assumption is to seek an extremal ∇ that satisfies additionally ∇ (i ρ j) = 0. This ansatz determines a family of extremal symplectic connections on R 2 , described precisely in Theorem 5.9, that are not moment constant, and that are geodesically complete for certain choices of parameters. Although in general these examples are not preferred, for certain parameter values they specialize to the preferred connections constructed in Proposition 11.4 of [5] . The observation that the preferred condition implies ∇ (i ρ j) = 0 is what suggested that the examples from [5] could be generalized to yield connections extremal but not preferred.
Attempts to patch together extremal symplectic connections on Darboux charts on a sphere or torus have failed, although on S 2 this approach yields an interesting exampe of singular extremal connections. Precisely, on S 2 there is (see Theorem 5.11 and the surrounding discussion) a oneparameter family ∇(t) of rotationally symmetric extremal symplectic connections that are neither moment flat nor preferred. However, these connections only extend continuously at the poles (where K 2 = τ ) in the following sense. The connection ∇(0) is the Levi-Civita connection of the round metric on S 2 , and the difference tensor ∇(t) − ∇(0) extends continously but not differentiably at the poles. These connections satisfying E(∇(t)) = 3πt 2 , so are not absolute minimizers of E except when t = 0. These observations increase the suspicion that an extremal symplectic connection smooth on all of S 2 must be ∇(0), but the situation remains unclear. Finally, the explicit expressions for K and ρ in Lemma 5.7 simplify considerably if the difference tensor Π ij k = ∇ − ∂ is decomposable, meaning that Π ijk = X i X j X k for some one-form X i . If X is moreover closed, explicit expressions are obtained, and, when X = df is exact, K and ρ are expressible in terms of f , df , and the Hessian of f . The conclusion, stateed in Theorem 5.14, is that for a function f ∈ C ∞ (R 2 ) the graph of which is an improper affine sphere, the connection ∇ = ∂ + df i df j df k is moment flat but not projectively flat. A conceptual explanation for these examples is lacking, but they suggest that in seeking examples it is useful to examine symplectic connections whose difference tensor Π with some particularly nice fixed reference symplectic connection (e.g. the Levi-Civita connection of a constant curvature metric) has a simple form, e.g. is decomposable, is the symmetric product of a fixed metric with a one-form, etc. As is explained in Section 2.5, the particular case where Π ijk = X (i g jk) for a constant curvature metric g and a harmonic one-form X yields a general way of constructing moment flat connections that are not projectively flat.
2.5. Moment flat connections that are not projectively flat. Since a projectively flat connection is moment flat, a basic issue is to what extent the projectively flat and moment flat conditions differ. In [18], W. Goldman showed that the projective Cotton tensor is a moment map for the action of diffeomorphisms on the space P(M ) of projective structures on M . Together (2.5) and (2.3) show that the moment map K can be viewed as a sort of derivative of the projective Cotton tensor. The relation between these two moment maps is explained now in more detail with the aim of addressing the following general questions. The first is to recall that projectively flat connections abound. This discussion is helpful in properly formulating the second question which regards characterizing when a moment flat symplectic connection must be projectively flat. In this regard, Theorems 7.3 and 7.4, discussed further later in the introduction, show that a moment flat connection that is not projectively flat necessarily has (in a sense made precise in Theorem 7.4), a nonmetric character. When K vanishes ρ is closed so determines a cohomology class. The second question asks which cohomology classes are represented by the one-form ρ of some moment flat symplectic connection. This is resolved by Theorem 2.6 below. This depends on Theorem 6.1, that shows that from a hyperbolic surface and a harmonic one-form there can be constructed, in the manner indicated at the end of Section 2.4, a moment flat connection that is not projectively flat.
The difference tensor of two projective structures is by definition the difference tensor of their unique representatives corresponding to a principal connection β ∈ P(V), which does not depend on the choice of β and is trace free. Hence P(M ) is an affine space modeled on the space of completely trace-free tensors satisfying Π ij k = Π (ij) k , and
at least one of which is compactly supported it makes sense to integrate the two-form −2α
There results the symplectic form
The action of Diff(M ) on A(M ) by pullback commutes with the action of Γ(T * M ), so induces an action on P(M ), also by pullback, φ (1) The projective Cotton tensor is a moment map for the action of Diff c (M ) on the space P(M ) of projective structures on the oriented surface M . Precisely, for For f ∈ C ∞ (M ), by (2.3) and (2.5),
which shows explicitly the relation between the two moment maps. Lemma 2.5 shows that ι and s Ω descend to the quotients modulo the actions of the relevant groups. Proof. If ∇ ∈ S(M, Ω) and φ ∈ Symp 0 then ι(φ * (∇)) = φ * (ι(∇)), so that the image under ι of the Symp 0 orbit of ∇ is contained in a Diff c (M ) 0 orbit of ι(∇) and ι descends to a well-defined and evidently surjective map ι :
and Ω are equal outside of some compact set K. Since´M φ * (Ω) =´M Ω, by a theorem of J. Moser ([25] ; see also section 1.5 of [2] ) there is a diffeomorphism ψ, supported in K and smoothly isotopic to the identity such that ψ
is smoothly isotopic to φ and equal to φ outside a compact set. Therefore, given
so∇ and ∇ lie in the same Symp 0 orbit. This shows that ι is a bijection with inverse induced by s Ω . By Lemma 2.5 the space of equivalence classes of symplectomorphic projectively flat symplectic connections is identified with RP 2 (M ). The tangent space of RP 2 (M ) is identified with the first cohomology of the projective deformation complex. A simple explicit construction of this complex is given in the appendix. In Theorem A.3, there is constructed a fine resolution of the projective deformation complex, and it follows that the tangent space to RP 2 (M ) is identified with the first Cech cohomology H 1 (M, P) where P is the sheaf of projective Killing fields. This is motivated by the analogous statement for constant curvature metrics due to Calabi in [8] (see also [3] ). While the existence of this resolution was stated by Hangan in [20] and [21] , it seems the proof was never published, and while it can be deduced from the general BGG machinery for parabolic geometries, it is included because it seems useful to record the simple direct argument and its presentation makes it possible to discuss possible parallels with the more general setting of moment flat symplectic connections. In particular, it is not obvious if there is a parallel construction in the more general context of moment flat symplectic connections. The key ingredient in the description of the space of flat projective structure via symplectic reduction is the mentioned fine resolution of the sheaf of projective Killing fields. This construction uses in a fundamental way that a flat projective structure can be locally represented by a flat affine connection. While there is a corresponding complex for moment flat symplectic connections, it is not clear that it yields a resolution. The problem is precisely that a local geometric interpretation of the vanishing of K is lacking.
If
is homotopic to the zero form, so exact, and hence the cohomology class [ρ(∇)] is preserved by the action of . That is the map ̺ of (2.8) is surjective.
Remark 2.7. It is not clear whether the connection ∇ constructed in the proof of Theorem 2.6 is complete. That is, the question whether every class in H 1 (M, R) is represented by the curvature one form of some complete symplectic connection remains unresolved.
Since, by Lemma 2.5, the fiber ̺ −1 (0) ⊂ K −1 (0)/Symp 0 over the trivial cohomology class contains a subset identified with P 0 (M )/ Diff(M ) 0 and this last space has dimension 8 dim H 1 (M, R), the fibers of ̺ can be quite large. It would be interesting to know if the fibers of ̺ are finitedimensional. A reformulation of this question yields the following. For a fixed cohomology class
. What can be said about the structure of the quotient space
2.6. Nonmetricity. The analogy with the Kähler setting suggests the question of when the LeviCivita connection of a Kähler structure is extremal symplectic. Theorem 7.3, proved in section 7, shows that on a compact surface the Levi-Civita connection of a Kähler structure is extremal symplectic if and only if the Kähler metric has constant curvature. That a projectively flat ∇ ∈ S(M, Ω) is moment flat leads to the simplest examples of moment flat symplectic connections that are not the Levi-Civita connections of Kähler metrics, because by Theorem 2.4, on a compact orientable surface M of genus at least 2 there are many flat projective structures which are not represented by the Levi-Civita connection of any Riemannian metric. Suppose given, on such a surface, a flat projective structure [∇] and suppose that there is a (necessarily Ricci symmetric) representative ∇ ∈ [∇] which is the Levi-Civita connection of some Riemannian metric g ij . Then g ij and the given orientation determine a unique Kähler structure, and because ∇ is projectively flat it must be that g ij is conformally flat, so has constant negative curvature. That is g ij is hyperbolic. However, by Goldman's Theorem 2.4, the deformation space of convex flat real projective structures on M is homeomorphic to a ball of dimension 16(g − 1). Since by standard Teichmüller theory the deformation space of flat conformal structures is homeomorphic to a ball of dimension 6(g − 1), there are many flat projective structures admitting no representative connection that is a Levi-Civita connection. Theorem 7.3 can also be seen as saying that in the distinguished subset of S(M, Ω) constituted by the Levi-Civita connections of Riemannian metrics with volume Ω the only extremal symplectic connections are the constant curvature metrics. A larger distinguished subset of S(M, Ω) comprises those ∇ ∈ S(M, Ω) that differ from the Levi-Civita connection of a Riemannian metric with volume Ω by the real part of a cubic differential holomorphic with respect to the complex structure determined by the metric. Theorem 7.4 shows that on a compact surface such a connection is moment flat if and only if it is projectively flat. Theoremas 7.3 and 7.4 can be summarized as saying that extremal symplectic connections with a metric character must be projectively flat. It might be interesting to turn this remark on its head and to interpret projectively flat connections as arising from extremal symplectic connections subject to some metric compatibility.
Variation of the moment map
For a linear operator P :
The sign is dictated by the rule of signs. By definition, (P * ) * = P and (PQ)
in which the last equality holds because in two dimensions
3) and using the Ricci identity shows that
For a symplectic connection, using (2.1), (3.3) simplifies to give
Using its complete symmetry, L can be rewritten as follows.
The induced action of ham on S(M, Ω) is given by the differential operator H :
The tensors L(X ) and H(f ) can be viewed as the vector fields on S(M, Ω) generated by the actions of the flows of X and H f . The images of L and H are subbundles of T S(M, Ω). It is convenient to abuse terminology and regard ker L as a subspace of Γ(T M ) via symplectic duality. Lemma 3.1 shows that when attention is restricted to compactly supported vector fields, ker L can be viewed as a subspace of symp.
the subspaces ker L and ker H are the Lie subalgebras of symp and ham, respectively, comprising infinitesimal automorphisms of ∇. Since the group of automorphisms of an affine connection is a finite-dimensional Lie group (see [22] ), ker L and ker H are finite dimensional. Specializing the identity (3.4) for ∇ ∈ S(M, Ω) and X ∈ symp yields
which shows the first equality of (3.9), while the second follows from H(f ) = L(−df ) = Lδ * f . Although the explicit formula for H * is not needed, it is recorded here for reference.
The first variation δ Π F (∇) of a (scalar or tensor valued) functional
where
In particular, the first variations −2 −1 δρ ∇ and δK ∇ of ρ(∇) and K(∇) equal the adjoints L * :
of the operators L and H with respect to the pairing · , · ; that is, −2L
Proof. LetR ijk l be the curvature of∇ = ∇ + tΠ ij k and label with a¯the tensors derived from it, e.g.R ij is the Ricci curvature of∇. Then
Using (3.16) there results
Contracting (3.17) yields (3.12). Taking the exterior derivative of (3.12), contracting with Ω ij , and using (2.5) yields
There remains to simplify (3.18) to obtain (3.13). Upon simplifying δΠ * Π using
there results
On the other hand, δB(Π) i = Π i ab B(Π) ab + Π abc ∇ a Π bci and a bit of computation shows
Comparing (3.20) and (3.21) yields
and substituted in (3.18), along with (3.9), this yields (3.13). If the map X → L X Π is viewed as an operator, its formal adjoint applied to Π yields
, and so (3.15) follows from (3.13).
Proof of Theorem 2.1. Reinterpreting Lemma 3.3 yields Theorem 2.1. The equivariance of ρ and K with respect to the action of Symp follows from the evident naturality of their definitions with respect to pullback via elements of Symp. For ∇ ∈ S(M, Ω), Π ∈ T ∇ S(M, Ω), X ∈ symp, and f ∈ C ∞ c (M ) it follows from (3.13) and (3.12) of Lemma 3
.
showing that ρ and K are moment maps.
Proof. Differentiating the relations ρ(φ * t ∇) = φ * t ρ(∇) and K(φ * t ∇) = K(∇) • φ t along the flow φ t of X ∈ symp, and using Lemma 3.3 yields
Taking X = H f in (3.26) gives the second equality in (3.24). The third equality in (3.24) follows from (3.25) and (2.5). The penultimate equality of (3.24) is a special case of the preceeding, while the final equality follows from the general identity {a, b}, c = a, {b, c} , valid for any a ∈ C ∞ c (M ) and b, c ∈ C ∞ (M ) (because {a, bc}Ω is exact). 
For a subspace V of a symplectic vector space (W, Ω), V ⊥ denotes the subspace of W comprising w ∈ W such that Ω(v, w) = 0 for all v ∈ V . Lemma 3.6. Let (M, Ω) be a symplectic 2-manifold and let
is an exact one-form. In particular,
As a consequence there is an injective linear map map ker H * /L(symp)
* (∇)] and this map can be interpreted as the derivative at ∇ of the map ̺ defined in (2.8). 
Consider a path ∇(t) in K −1 (0)/Symp 0 such that ̺(∇(t)) is constant. Let∇(t) be a path in )) is exact for all t and so, by (3.12) of Lemma 3.3,
(t). The preceding computations transform naturally under the action of Symp 0 on all the objects involved, and so this justifies regarding the map Π + L(symp) → [−2L
* (∇)] as the derivative at ∇ of ̺.
In section 2 it is asked whether the fibers of the map ̺ defined in (2.8) are finite-dimensional. Since, by (3.12), the derivative of ̺ is −2L * , this would follow if it could be shown that, when
Lemma 3.7. Let (M, Ω) be a symplectic 2-manifold and let ∇ ∈ S(M, Ω). The sequence
is a complex if and only if ρ(∇) = 0. The sequence 
Extremal symplectic connections

Recall that ∇ ∈ S(M, Ω) is extremal symplectic if it is a critical point with respect to compactly supported variations of the functional E(∇) =´M K(∇)
2 Ω. Additionally, ∇ ∈ S(M, Ω) is gauge extremal if it is a critical point of E for all variations of the form δ * α for compactly supported α ∈ Γ(S 2 (T * M )). By definition an extremal symplectic connection is gauge extremal. Proof. Calculating the first variation δ Π E(∇) along Π ∈ T ∇ S(M, Ω) using Lemma 3.3 yields
which yields (1) . By (4.1) and (3.8),
which yields (2).
Claim (2) of Lemma 4.1 shows that ∇ is gauge extremal if and only if the Hamiltonian vector field H K(∇) generated by its moment map image preserves its Ricci tensor. Lemma 4.2. On a compact symplectic 2-manifold M of genus at least two, if a symplectic connection ∇ is gauge extremal and K(∇) is not identically zero, then the Ricci tensor of ∇ is degenerate somewhere on M .
Proof. A compact orientable surface supporting a mixed signature metric must be a torus, so if the Ricci tensor is nondegenerate, it must be definite because of the hypothesis on the genus. Then, by claim (2) of Lemma 4.1, H K(∇) is a Killing field for a Riemannian metric, and so by Bochner's theorem must be identically 0. Hence K(∇) is constant, so zero, because M is compact.
Because S(M, Ω) is affine it carries a canonical flat connection δ. Via the corresponding parallel translation elements α, β ∈ Γ(S 3 (T * M )) can be viewed as constant, parallel vector fields on S(M, Ω). The Lie algebra structure on vector fields on S(M, Ω) is generated by its group of translations, and so, viewed as vector fields on S(M, Ω), α and β commute. The differential of F is δF , and δ α F is its evaluation on the constant vector field α. The Hessian of a twice differentiable functional is well defined at a critical point without the imposition of any extra structure. If there is fixed a connection, then the Hessian is well defined everywhere, where the Hessian of a functional F on S(M, Ω) means its Hessian with respect to the flat connection δ. The Hessian δδF at α and β is δ α (δF )(β) = δ α δ β F − δ δαβ F = δ α δ β F ; the term δ δαβ F vanishes because δ α β = 0. It follows that the Hessian of F at ∇ ∈ S(M, Ω) in the directions α and β is given by the first variation in the direction α of the first variation in the direction β of F , and so can be written simply δ α δ β F (∇).
Define the Jacobi operator J :
The name for J is justified by the following observations. Let f ∈ C ∞ (M ). By the definition of H(f ) and the fact that H f commutes with raising and lowering indices there holds
Let ∇(t) be a C 1 curve in the space of extremal symplectic connections depending smoothly on t and such that ∇(t) = α ij k . By (3.13) and (4.4), differentiating 0 = H ∇(t) (K(∇(t))) in t yields 0 = J(α), so that the kernel of J describes the tangent space to the deformations of an extremal symplectic connection through extremal symplectic connections.
Lemma 4.3. The Hessian of E at ∇ ∈ S(M, Ω) in the directions
Proof. By (4.1) and (4.4),
An alternative proof is to expand E(∇ + tΠ) using (3.13) and simplify the result as in (3.15). Proof. Because K(∇) is constant, the last term in (4.5) vanishes, so δ α δ α E(∇) = H * (α), H * (α) ≥ 0, with equality if and only if H * (α) = 0. The final claim holds because, if M is compact, then a moment constant connection is moment flat. Lemma 4.5. For X ∈ symp and α ∈ T ∇ S(M, Ω), JL(X ) = L X H(K), where K = K(∇). In particular, if ∇ is extremal then δ α δ L(X ) E(∇) = 0 for all X ∈ symp and α ∈ T ∇ S(M, Ω).
Proof. For X ∈ symp and f ∈ C ∞ (M ),
where the final equality holds because X is symplectic. Because X and H K are symplectic, by (4.6),
By (3.25), H * L(X ) = dK(X), and combining this with (4.7) yields
The final claim follows from (4.5).
Structural results and examples
Preferred connections are extremal. Let ∇ ∈ S(M, Ω). Since ρ = 2δRic, by (3.2),
2) and simplifying the result using (5.3), δ 2 δ * ρ = R pq δ * ρ pq , and (3.2) yields
Differentiating (5.4) yields an explicit expression for H(K). Without some further hypothesis, (5.4) is too complicated to be useful, but it simplifies considerably if δ * ρ or δ * Ric vanishes. A symplectic connection ∇ is preferred if −δ * Ric ijk = ∇ (i R jk) = 0. This notion was introduced and studied in detail for surfaces by F. Bourgeois and M. Cahen in [5] .
Theorem 5.1. On a symplectic 2-manifold a preferred symplectic connection is extremal.
Proof. By (5.1), if ∇ ∈ S(M, Ω) is preferred, then δ * ρ = 0, so (5.4) simplifies to
Remark 5.2. The essential content of the conclusion of Theorem 5.1, that for a preferred symplectic connection the vector field H K(∇) is an infinitesimal affine automorphism of ∇, is implicit in the proof of Proposition 6.1 of [5] . In particular, in sections 5 and 6 of [5] , in the context of preferred symplectic connections, a key role is played by a function β and one-form u that are constant multiples of the specializations to this case of K(∇) and ρ. For example, the identity 3∇ i R jk = −Ω i(j ρ k) is in [5] , and (5.6) of [5] is equivalent to (5.5).
5.2.
Structural lemmas. Lemma 5.3 shows that given an extremal symplectic connection that is not moment constant there is a large Darboux coordinate chart on which K can be considered the action coordinate of action-angle variables. This information is useful both for proving nonexistence of such connections in Theorem 2.3 and for constructing examples.
For f ∈ C ∞ (M ) let crit(f ) = {p ∈ M : df p = 0} be the set of the critical points of f . For ∇ ∈ S(M, Ω) let Z(ρ) be the set of points of M where ρ vanishes and let dg(∇) be the set of points in M where dK ∧ ρ vanishes. Note that dg(∇) ⊃ crit(K) ∪ Z(ρ).
Lemma 5.3. Let (M, Ω) be a symplectic two-manifold and let ∇ ∈ S(M, Ω) be extremal symplectic with moment map K = K(∇).
(1) If K is not constant then each connected component of crit(K) is a point or a closed image of a geodesic of ∇, and these connected components are isolated in the sense that around each there is an open neighborhood containing no other connected component of crit(K). (2) There is a constant τ such that
is nonempty, τ is nonnegative and at every point of dg(∇), |K| equals √ τ . (e) A maximal integral curve of the symplectically dual vector field ρ i = ρ i intersecting dg(∇) lies entirely in dg(∇) and K is constant along the curve, equal to one of
In particular, if M is compact then τ vol Ω (M ) = 3E(∇). 
is smooth onM \ dg(∇), while if τ < 0 the function
is smooth on all of M . With the complex structure J defined by J(H T ) = ρ and J(ρ ) = −H T the flat Riemannian metric
forms a Kähler structure with volume
(g) If dg(∇) is nonempty, then T maps each maximal integral manifold of the vector field ρ onM diffeomorphically onto its image. Precisely, if φ : I → M is a maximal integral curve of ρ such that
is nonempty, and the restriction toM of ρ is complete, then the metric k of (5.10) is complete onM , and each connected component ofM with the Riemann surface structure (k, J) is conformally equivalent to the complex plane or the punctured disk.
Proof. Each connected component of the zero set of an infinitesimal automorphism of a torsion-free affine connection is a closed totally geodesic submanifold (see p. 61 of [23] ). In particular this applies to the zeros of H K , that is to crit(K). If a connected component of crit(K) has nonempty interior then it must be all of M , in which case K is constant. Hence if K is nonconstant each connected component of crit(K) is a closed totally geodesic submanifold of M of codimension at least one, so is a closed image of a geodesic or a point. Suppose K is nonconstant. Suppose x ∈ crit(K) and every sufficiently small neighborhood of x contains some point of crit(K) distinct from x. Fix a geodesically convex open neighborhood U of x and choose y in crit(K) ∩ U distinct from x. Let L be the unique geodesic segment connecting x to y and contained in U . Since the flow of H K fixes x and y it fixes L too, and so L ⊂ crit(K). Hence x and y belong to the same connected component of crit(K). It follows that the connected components of crit(K) are isolated. Since the flow of H K preserves ∇ and Ω it preserves ρ, so, using (2.5),
from which it follows that there is a constant τ satisfying (5.6). From (5.6) it is apparent that dg(∇) is the zero locus of τ − K 2 . In particular, K is constant if and only if dg(M ) = M . If dg(∇) is empty, then dK does not vanish, so M must be noncompact.
By (5.6), if q ∈ dg(∇) then K(q) 2 = τ , so if dg(∇) is nonempty, then τ is nonnegative and, at every point of dg(∇), |K| equals √ τ . Let q ∈ dg(K) and let I ⊂ R be a maximal open interval around 0 such that φ : I → M is a smooth integral curve of ρ satisfying φ(0) = q. By (5.6),
and so, by the uniqueness of the solution to the initial value problem foru = τ − u 2 , K • φ(t) = u(t) = ± √ τ for all t ∈ I, and hence φ(I) ⊂ dg(∇).
If vol Ω (M ) is finite and E(∇) is finite, then integrating (5.6) and using (2.5) yields 12) where the last expression makes sense provided d(Kρ) is integrable. This shows (5.7). That σ = (τ − K 2 ) −1 ρ is closed onM follows from differentiating (5.6) and using (2.5) and
That dK ∧ σ = Ω is immediate from (5.13). Since L H K ρ = 0, the vector fields ρ i and H K commute. Since any function of K is constant along the flow of H K , this implies σ i commutes with H K . Because σ , H K , and Ω are all invariant under H K and σ so too is the complex structure J.
If ∇ is extremal but not moment constant, then on the universal cover of each connected component ofM there are coordinates x and y such that Ω = dx ∧ dy, K = x, and ρ = (τ − x 2 ) −1 dy. Simply define x = K and let y be a global primitive of σ. This proves (3d).
The claims of (3f) are all verified by straightforward computations. Now suppose dg(∇) is a nonempty proper subset of M , so that τ > 0. Given p ∈M let φ :
p). Consequently T maps φ(I) diffeomorphically onto its image (T (p) − a, T (p) + b).
If ρ is complete then its flow φ t is globally defined. Let C be a connected component ofM . Then C contains a connected component S of K −1 (0) and, because T • φ t (p) = t for p ∈ K −1 (0), the map Φ : R × S → C defined by Φ(t, p) = φ t (p) is a diffeomorphism. Since S is a connected one-manifold it is diffeomorphic to a circle S 1 or the line R. Since φ * t (σ) = σ, the pullback Φ * (σ) is a closed one-form on S extended trivially to R × S, so is exact if S is a line, or is a multiple of the generator dθ of the cohomology of S 1 if S is a circle. It follows that the pullback via Φ of the metric k of (5.10) is the flat metric on the plane R × R or on the infinite Euclidean cylinder R × S 1 . The completeness of k follows. In this case, each connected component of M \ dg(K) carries a complete flat Kähler structure and a nontrivial holomorphic vector field preserving this Kähler structure. A Riemann surface with biholomorphism group that is not discrete is biholomorphic to one of the following: the Riemann sphere, the plane, the punctured plane, a torus, the unit disc, the punctured unit disc, or an annulus of radii r < 1 and 1. Of these the only surfaces covered holomorphically by the plane are the plane, torus, and punctured disk. Since K is not constant and dg(∇) nonempty, the torus cannot occur as the complement of dg(∇). 
has constant scalar curvature R h = 2 where τ > K 2 and constant scalar curvature R H = −2 where τ < K 2 , its volume form vol h consistent with the orientation given by Ω equals Ω, and H K is a Killing field for h. However the restriction of h to a connected component of M is generally not complete, so it is not clear how useful is h.
This can be proved as follows. Suppose dg(∇) is nonempty and fix p ∈M = M \ {dg(∇)}. Since σ is closed, there is a neighborhood of p on which there is a smooth function φ such that dφ = √ τ σ. If p is contained in a connected component ofM on which τ − K 2 is positive, then, since
, there can be defined on this neighborhood a smooth function θ such that K = − √ τ cos θ. In the coordinates (θ, φ) around p the metric h takes the form dθ 2 + sin 2 θdφ 2 , which is one of the well known standard forms of the spherical metric. This shows h has constant scalar curvature 2. Its volume form is sin θdθ ∧ dφ = dK ∧ σ = Ω. If p is contained in a connected component ofM on which τ − K 2 is negative, then setting K = ± √ τ cosh θ and dφ = ± √ τ σ as K is positive or negative, there result h = dθ 2 + sinh 2 θdφ 2 , a standard form of the hyperbolic metric, and Ω = dK ∧ σ = sinh θdθ ∧ dφ. Since H K preserves K, dK, Ω, and σ, it preserves h. (1) There holds Z(ρ) ⊂ crit(K) = dg(∇) and every critical point of K is a global extremum at which |K| equals √ τ . In particular, τ = 0 if and only if K is identically zero.
is a regular value of K and the level set L r (K) = {q ∈ M : K(q) = r} is a disjoint union of smoothly embedded circles.
The number of connected components of crit(K) where K assumes its minimum equals the number of connected components of crit(K) where K assumes its maximum.
is diffeomorphic to the infinite Euclidean cylinder R × S 1 , and the metric k ij of (5.10) is complete, isometric to the standard flat metric on R × S 1 .
Proof. Because M is compact, K has a maximum and a minimum, at which it takes the values ± √ τ . Since it takes these same values at any point in dg(∇), any point of dg(∇) is a global extremum. In particular dg(∇) = crit(K). If K is not constant then for r ∈ (− √ τ , √ τ ), by (5.6), along L r (K) there holds ρ p dK p = τ − r 2 > 0, so that dK is nonvanishing along L r (K). This suffices to show that L r (K) is a smoothly embedded one-dimensional submanifold. Since it is also closed, it must be a union of circles. If − √ τ < r < s < √ τ then K −1 ([r, s]) is compact and contains no critical point of K, so L r (K) is diffeomorphic to L s (K) (see Theorem 3.1 of [24] ); moreover, the flow of ρ maps L r (K) diffeomorphically onto L s (K). The claim about the equality of the numbers of components of crit(K) on which K assumes its minimum and maximum follows. Since M is compact, ρ is complete, and so (2d) follows from (3h) of Lemma 5.3.
Note that in Lemma 5.6 the compactness is used in part to guarantee the existence of a global flow for ρ and several of the conclusions are valid in greater generality provided such a global flow exists. The compactness is used in a more essential way to invoke the regular interval theorem to conclude that the level sets of K are unions of circles.
With Lemma 5.6 in hand the proof of Theorem 2.3 is straightforward.
Proof of Theorem 2.3. Suppose ∇ is extremal and not moment flat. It will be shown that M must be a sphere or a torus. As in the proof of Lemma 5.6, K −1 (I ǫ ) is a disjoint union of cylinders, where
). Each of the cylinders constituting K −1 (I ǫ ) has a positive end and a negative end, as K tends to a maximum or a minimum at the end. For a suitably small ǫ, the complement M \ K −1 (I ǫ ) is a disjoint union of tubular neighborhoods of the connected components of crit(K); precisely, its connected components are cylindrical bands around the closed geodesics contained in crit(K) and disks around the points contained in crit(K). Each of these cylinders and disks is positive or negative as K has on the connected component of K that it contains a maximum or minimum. It follows that M is the union of cylinders attached end to end and disks attached to cylinders in a manner compatible with the assignment of signs to the cylinders and disks. A closed compact surface obtained by attaching cylinders end to end and cylinders to disks has nonnegative Euler characteristic; since M is oriented, it must be a sphere or a torus.
An alternative way of reaching the conclusion about the structure of the complement of crit(K) goes as follows. By (3f) of Lemma 5.6, each connected component of M \ crit(K) carries a parabolic complex structure J and a nontrivial holomorphic vector field preserving J. A Riemann surface with biholomorphism group that is not discrete is biholomorphic to one of the following: the Riemann sphere, the plane, the punctured plane, a torus, the unit disc, the punctured unit disc, or an annulus of radii r < 1 and 1. Of these the only parabolic surfaces are the plane, torus, and punctured disk. If crit(K) is nonempty, closed compact surfaces cannot be obtained as connected components of its complement, and the plane is not the complement of a set containing at least two connected components. The remaining option is the punctured disk which is conformally equivalent to a cylinder, and the rest of the argument is as before.
There remains the question of whether there exist on the torus or sphere extremal symplectic connections that are not moment flat. It was shown in [5] that a preferred symplectic connection on a compact surface must be locally symmetric. A key point in the argument is to show that K(∇) must have a nondegenerate critical point; this uses in an essential way the simplification of (5.4) to (5.5) available in this case, and it is not clear if this argument can be adapted to the more general setting of extremal symplectic connections considered here. Lemma 5.7. Let x and y be global affine coordinates on R 2 with respect to the standard flat affine connection ∂ and let Ω = dx ∧ dy be the standard symplectic form. Write X = ∂ x and Y = ∂ y for the coordinate vector fields. Partial derivatives with respect to x and y will be indicated by subscripts. The most general ∇ ∈ S(R 2 , Ω) has the form ∇ = ∂ + Π where
and, writing K = K(∇),
where ⊙ denotes the symmetrized tensor product, so, for example, 2dx ⊙ dy = dx ⊗ dy + dy ⊗ dx.
Proof. By (2.5), differentiating (5.16) yields (5.17) (several terms cancel), so it suffices to check (5.16). Routine computation shows that the Ricci tensor of ∇ is
Since X and Y constitute a symplectic frame,
Substituting (5.21) in (5.20) , and observing that the terms involving no derivatives cancel yields 
it follows straightforwardly that
Using (5.5), (5.19), (5.23), and (5.24) to compute ∇ 2 dK + dK ⊗ Ric, and symmetrizing the result yields (5.18).
Combining (3d) of Lemma 5.3 and Lemma 5.7 yields equations for extremal symplectic connections that can be solved. Let ∇ ∈ S(M, Ω) be extremal with K nonconstant and suppose p / ∈ crit(K). 
2 )dy. Let ∇ have the form ∂ + Π where Π is as in (5.15) and ∂ is the standard flat affine connection in the coordinates (x, y). By (5.18),
so that A, B, C, and D depend only on x. This can be seen in another way as follows. The vector field H K = ∂ y is Killing for both the flat affine connection ∂ and ∇, so the Lie derivative along H K of the difference tensor Π = ∇ − ∂ vanishes.
Comparing ρ = (τ − (x + a) 2 )dy and (5.16) shows that A, B, C, and D satisfy the equations
The preceding is summarized in Lemma 5.8.
Lemma 5.8. Let ∂ be the standard flat affine connection in the coordinates (x, y) and let Ω = dx ∧ dy. The connection ∇ = ∂ + Π, where Π is defined as in (5.15), is extremal symplectic if A, B, C, and D are functions of x alone and satisfy the equations (5.26). In this case K(∇) = x + a for some constant a.
Computing δ
* Ric and δ * ρ using (5.21) and (5.23) yields 
2 )((x + a) 2 + p(x + a) + q) yields a solution defined at least on the region where τ = (x + a) 2 . Substituting into (5.27) yields 9δ * Ric = (τ − q)dx ⊙ dy ⊙ dy. If q = τ then the resulting connection is preferred. The family of connections corresponding to q = τ (with p arbitrary) was found in Proposition 11.4 of [5] , where it is shown that every preferred symplectic connection on R 2 that is not symmetric is equivalent to one of these connections with q = τ < 0 and p arbitrary. On the other hand, if q = τ , then the resulting connections are extremal but not preferred.
Theorem 5.9. Let ∂ be the standard flat affine connection in the coordinates (x, y) and let Ω = dx∧ dy. For any choices of constants a, p, q, and τ , the connection ∇ = ∂ + Π where Π is defined as in (5.15) with B = 0 = D, A = (x+a)(τ −(x+a)
2 ) −1 and C = −6 −1 (τ −(x+a) 2 )((x+a) 2 +p(x+a)+q) satisfies:
(1) On each connected component of {(x, y) ∈ R 2 : τ = (x + a) 2 }, ∇ is an extremal symplectic connection satisfying K(∇) = x + a and δ * ρ = 0. (2) ∇ is preferred if and only if q = τ . (3) If τ < 0 then ∇ is defined on all of R 2 and is geodesically complete.
Proof. There remains only to prove that ∇ is complete when τ < 0. In the case q = τ this is claimed in section 11 of [5] . The equations of the geodesics of ∇ as in Lemma 5.7 arë
No generality is lost by supposing a = 0. Then (5.29) becomes 
Hence there is a constant K > 0 depending on v 0 such that |u(t)| ≤ K for all t. This implies |u(t)| ≤ |u 0 | + K|t|, so that u(t) does not blow up in finite time. Thus for any u 0 and v 0 there is a unique solution u of (5.32) defined for all time, so x and y are as well. Hence ∇ is complete.
Remark 5.10. In the examples of Theorem 5.9 the condition B = 0 can be dropped and solutions will still be obtained. With D = 0, the solutions are as above, but with B x C = −2BC x .
5.4.
Examples on the two sphere. Other examples can be constructed using Lemma 5.8, but in general it is difficult to find solutions that yield complete connections. For example, let P (x) = x 4 /24 + ax 3 /6 + bx 2 /2 + cx + d. By (5.17), (5.18), and Lemma 5.8 the ∇ defined by taking A = B = D = 0 and C = P (x) in (5.15) has K(∇) = x + a and H(K(∇)) = 0 so is extremal symplectic but not moment constant. These connections are not generally complete. By (5.29) a geodesic satisfies y(t) = pt + q and x(t) solvesẍ = −p 2 P (x). For a polynomial Q(x) with derivative equal to P (x),ẋ 2 + 2p 2 Q(x) is constant along a solution. Since the constant term of Q is arbitrary, the constant of integration can be absorbed into Q, and there can be writtenẋ
where the choice of primitive Q depends on the particular solution curve. In general solutions of such an equation blow up in finite time.
The following addresses the question of whether, for an appropriate choice of P , the connection so obtained can be extended to a symplectic connection on the two sphere with its usual volume form. The strange result is the construction of a family ∇(t) of extremal symplectic connections defined on the complement in S 2 of two antipodal points, such that ∇(0) is the Levi-Civita connection of the round metric, and, for t = 0, the difference tensor ∇(t) − ∇(0) extends continuously but not differentiably at the two excluded antipodal points. Moroever, E(∇(t)) is a multiple of t 2 , so while these connections are extremal they are not minimizers of E except when t = 0.
The round two-dimensional sphere S 2 of volume 4π is the subset {(sin θ cos φ, sin θ sin φ, cos θ) ∈ R 3 : θ ∈ [0, π], φ ∈ [0, 2π)} of R 3 with the induced metric. In the coordinates (x, y) defined on the complement of the poles by x = − cos θ ∈ (−1, 1) and y = φ the standard round metric g = dθ 2 + sin 2 θdφ 2 takes the form g = (1 − x 2 ) −1 dx 2 + (1 − x 2 )dy 2 , and the volume form Ω = sin θdθ ∧ dφ of g equals the Darboux form dx ∧ dy. Let ∂ be the flat connection in the coordinates (x, y). The Levi-Civita connection D of g has the form D = ∂ + Λ where Λ(X, 2 ) + P (x), where P is a quartic polynomial in x, yields a connection ∇ with K(∇) linear in x. Precisely,
, so if a = −1/6, the resulting connection satisfies K(∇) = x. So far this ∇ has been defined only away from the poles in S 2 . There remains to determine whether b and c can be chosen so that it extends smoothly at the poles.
As is explained following its proof, Theorem 5.11 gives an instrinsic construction of a special case of the connections just described. Although its statement appears more general, Theorem 5.11 is interesting mainly in the special case D is the Levi-Civita connection of a round metric on M = S 2 .
Theorem 5.11. Let (M, Ω) be a symplectic two-manifold and let D ∈ S(M, Ω) have parallel Ricci tensor R ij . Suppose Z i is a nontrivial one-form satisfying
where R(t) ij = Ric(∇(t)) ij and τ is the constant of (5.6) of Lemma 5.3. Moreover,
is not preferred for t = 0. Finally, J ∇(t) (Γ) = 0 for all t ∈ R.
Proof. Let ∇ = ∇(1). For t = 0 it suffices to check all the claims for ∇ because tΓ ijk is obtained from tZ i in the same way as Γ ijk is obtained from Z i ; that is the connection ∇ corresponding to tZ in place of Z is simply ∇(t).
By assumption 2D i Z j = 2D [i Z j] = γΩ ij . By the Ricci identity, 
Computing using 2D i Z j = γΩ ij and (5.42) shows 
and that in (3.12) the terms of order at least two in t all vanish. Since
There results (5.38). As for (5.37), (5.38) can also be computed using (3.13) and 
in which the final equality follows from 4dγ 
where If D is the Levi-Civita connection of a Riemannian metric then the hypothesis of Theorem 5.11 means that Z i is metrically dual to a Killing field, so if M is compact and Z is nontrivial then M must be a sphere or a torus. Since by hypothesis the Ricci tensor is parallel, in the case M is a torus, the metric must be flat and any Killing field is parallel; in this case ν = 0 and γ = 0 and the setM of Theorem 5.11 is empty, so the construction is vacuous.
In the case M = S 2 , the vector field Y = ∂ y , which is rotation around the axis through the deleted antipodal poles, is a nontrivial Killing field for the round metric g for which the metrically dual one-
2 )dy has the properties required in Theorem 5.11. (This example motivated the theorem.) Here the notations are as in the paragrphs preceeding the statement of Theorem 5.11. Precisely, Z satisfies DZ = −xΩ, and for an appropriate choice of P , the difference tensor Γ is
, the constant ν equals 4. Theorem 5.11 shows that in this setting the resulting ∇ is extremal but not preferred. However, while the tensor Γ ijk extends continuously at the poles, vanishing there, its extension is not differentiable at the poles. The behavior at the poles is seen most easily in different coordinates. A convenient choice is u = tan In these coordinates g has the standard form 4(1 + u 2 + v 2 ) −2 (du 2 + dv 2 ) and the origin corresponds to x = −1 (the pole at x = 1 can be handled similarly). Since
The components of Γ behave like a smooth multiples of u a v 3−a (u 2 + v 2 ) −1 for a ∈ {0, 1, 2, 3}, so extend continuously at the origin of (u, v) coordinates, but do not extend differentiably there.
For the ∇(t) of Theorem 5.11, by (5.38), since K(∇(t)) extends smoothly to all of S 2 ,
Since the Levi-Civita connection D of the round metric on S 2 has E(D) = 0, this shows that ∇(t) is not an absolute minimizer of E when t = 0, although it is extremal. In particular, there is a one-parameter family of extremal symplectic connections on the Darboux cylinder along which E takes on all nonnegative real values. Comparing (5.39) and (5.52) shows the necessity of the boundary term in (5.7). For ∇ = ∇(1), by (5.39), τ vol Ω (M ) = 3π, while, by (5.52), E(∇) = 3π, rather than 9π as (5.7) would imply were the boundary term null. However, by (5.37) there holds ρ = 2 −1 (1 − 3x 2 )dy, and so Kρ = (3/4)x(1 − 3x 2 )dy, which does not extend differentiably at the poles x = ±1 since the one-form dy does not extend differentiably. It follows that the boundary term´M d(Kρ) in (5.7) does not vanish. Indeed,
which tends to 6π when ǫ 1 → 0 and ǫ 2 → 0. This is what is needed to yield equality in (5.7). ) to take values in the image of a rational normal curve, that is for Π to be decomposable in the sense that there is a one-form σ such that Π = σ ⊗ σ ⊗ σ. Theorem 5.11 shows what happens when σ is metrically dual to a Theorem 5.14. Let ∂ be the standard flat connection on R 2 equipped with the symplectic form
If M(f ) Poisson commutes with f then K(∇) = 0, but ∇ is not projectively flat whenever dU(f ) − 6M(f )df is somewhere nonzero. In particular, if the graph of f is an improper affine sphere then K(∇) = 0. There exist improper affine spheres for which the resulting ∇ is not projectively flat.
Proof. Except for the final claims, this is a special case of Corollary 5.13. The graph of f is an improper affine sphere if and only if M(f ) equals a nonzero constant. In this case M(f ) Poisson commutes with f so K(∇) = 0.
If f has homogeneity 2, meaning xf x + yf x = 2f , then U(f ) = 2f M(f ), so that in this case, by
vanishes. This occurs for any homogeneous quadratic polynomial, e.g. x 2 ± y 2 or xy. More interesting examples are obtained as follows. Let u(x) be any smooth function on the line. Then f = xy + u(x) satisfies M(f ) = −1 and
Since M(f ) = −1 the graph of f is an improper (ruled) affine sphere, and since ρ never vanishes identically the resulting connection is not projectively flat. 
Horospheres in hyperbolic space are convex submanifolds, flat in the induced metric, and having constant Gaussian curvature, so are analogous to affine spheres. This motivates the next example.
Theorem 5.16. Let D be the Levi-Civita connection of the metric g on the hyperbolic plane and let Ω be the corresponding volume form. Let β be a Busemann function normalized to take the value −∞ at a fixed point in the ideal boundary. Define ∇ ∈ S(R 2 , Ω) by ∇ = ∂+Π where Π ijk = df i df j df k and f = e β . Then ρ = 6f 2 df = 2d(f 3 ), so K(∇) = 0 but ∇ is not projectively flat.
Proof. In the upper half-space model of hyperbolic space, the Busemann function at the point at infinity is the negative of the logarithm of the vertical coordinate. Using this it is straightforward to check that Ddβ + dβ ⊗ dβ = g, so that Ddf = Dde
6. Moment flat connections on compact surfaces Theorem 6.1 provides examples of moment flat symplectic connections on compact surfaces that are not projectively flat. These are used in the proof of Theorem 2.6. Theorem 6.1. On a surface M , let (g ij , J i j ) be a Kähler structure having Levi-Civita connection D, volume form Ω ij = J i p g pj , and scalar curvature R g . Let X i be a nontrivial harmonic one-form. Then, for Π ijk = 3X (i g jk) , the symplectic connection
In particular, if g has constant curvature, then ρ(∇) = −6R g X i and K(∇) = 0.
Proof. The difference ρ(∇) − ρ(D) is computed using (3.12). The operators δ, L, etc. are those associated with D. Since one customarily raises and lowers indices with the metric rather than the volume form, the notation used here can be confusing. For instance, since 
Substituting (6.3), (6.5), and
That the map ̺ of (2.8) is surjective can be proved using Theorem 6.1.
Proof of Theorem 2.6. Pick a constant curvature metric g such that the g-volume of M equalś M Ω. By a theorem of Moser there exists a diffeomorphism φ of M isotopic to the identity such that vol φ * (g) = φ * (vol g ) = Ω. Since φ * (g) has constant curvature, it can be assumed from the beginning that g is a constant curvature metric with volume form equal to Ω. Since the Euler characteristic is nonzero the curvature R g is nonzero. Let D be the Levi-Civita connection of g and let α i be the unique g-harmonic representative of [α] . By Theorem 6.1 the connection ∇ = D+Π ij k , where
, is symplectic and satisfies K(∇) = 0 and ρ(∇) = α. Computing the squared L 2 -norm of (L X g) ij = 2D (i X ♭ j) via an integration by parts using the identity (L X D) i(j p g k)p = D i (L X g) jk shows the well known Lemma 7.1.
Lemma 7.1. On an orientable manifold M , a compactly supported vector field X is an infinitesimal automorphism of the Levi-Civita connection D of a Riemannian metric g if and only if it is gKilling. That is (L X D) ij k = 0 if and only if (L X g) ij = 0. On a compact Kähler manifold a (real) vector field is metric Killing if and only if it is real holomorphic and preserves the volume form. Since X is Hamiltonian it preserves the volume form, and so X is real holomorphic if and only if D is extremal symplectic. In this case, as the metric gradient g ip D p K equals J p i X p , it is also real holomorphic. Also, since X is Killing its flow preserves R g , so 0 = dR g (X) = {K(D), R g }.
By Lemma 7.2, for an extremal symplectic Kähler structure on a compact surface the (1, 0) part of H K(D) is holomorphic. This implies that a Kähler structure on a compact surface admitting no nontrivial holomorphic vector field is extremal symplectic if and only if K(D) is constant, and so necessarily 0. Since 2K(D) = ∆ g R g = 0, R g is constant by the maximum principle. In particular, since a compact surface of genus at least two has no nontrivial holomorphic vector field, on a compact orientable surface of genus at least two, the Levi-Civita connection D of a Kähler structure is extremal symplectic if and only if R g is constant. With a different argument, the restriction on the genus can be removed, yielding Theorem 7.3. Theorem 7.3. On a compact, oriented surface the Levi-Civita connection of a Riemannian metric g is extremal symplectic with respect to the symplectic structure determined by g and the given orientation if and only if g has constant curvature.
Proof. There is a unique complex structure J i j such that J i p J j q g pq = g ij and the symplectic form Ω ij = J i p g pj determines the given orientation. By (7.1) the Levi-Civita connection D of g satisfies 2K(D) = ∆ g R g . That constant curvature implies extremal symplectic is immediate. If D is extremal symplectic, then by Lemma 7.2, the metric gradient
is the real part of a holomorphic vector field. On a Riemann surface a vector field is real holomorphic if and only if it is conformal Killing. By Theorem II.9 of [6] , on a compact Riemannian manifold (M, g) with scalar curvature R g any conformal Killing vector field Y i satisfies´M Y p D p R g dvol g = 0, and so, by integration by parts,
Hence 0 = 2K(D) = ∆ g R g , and so R g is constant by the maximum principle.
Let M be a compact orientable surface. As explained in the proof of Theorem 2.6, as a consequence of Moser's theorem, any volume form Ω on M can be realized as the volume form of some Riemannian metric g, so there is a distinguished subset of S(M, Ω) comprising the Levi-Civita connections of Riemannian metrics with volume Ω. Fixing g determines the unique complex structure J such that g ij = J j p Ω ip , so once g has been chosen it makes sense to speak of holomorphic cubic differentials. If the genus of M is at least one, then there are nontrivial holomorphic cubic differentials. Let D be the Levi-Civita connection of g and consider ∇ = D + Π ijp Ω kp where Π is the real part of a holomorphic cubic differential. The following theorem shows that ∇ is moment flat if and only if it is projectively flat. Theorem 7.4. Let M be an orientable compact surface of genus at least one. Let Ω be the volume form of a Riemannian metric g with Levi-Civita connection D and compatible complex structure J. Let Π ijk be the real part of a holomorphic cubic differential. The following are equivalent.
(1) The symplectic connection ∇ = D + Π ijp Ω kp is moment flat. Proof. In this proof the operators δ, L, etc. are those associated to D. That Π be the real part of a holomorphic cubic differential is equivalent to the conditions that Π be g-trace tree, g pq Π ipq = 0, and that Π be D-divergence free, g pq D p Π ijq = 0; see Lemmas 3.3 and 3.5 of [16] . In this case 2Π (3,0) = Π − iJ(Π) where Π (3, 0) is the (3, 0) part of Π and J(Π) ijk = J k p Π ijp ; see Lemma 3.4 of [16] . Since J(Π) is the real part of the holomorphic cubic differential iΠ (3, 0) , it is also completely symmetric, g-trace free, and D-divergence free. Since δΠ ij = Ω pq D p Π ijq is the D-divergence of J(Π) ijk = Π ijp J k p , it vanishes. That is δΠ = 0. Since the Ricci curvature of g equals (R g /2)g ij and Π is g-trace free, it follows from (3.9) that L * (Π) = 0. Recall the notation used in Lemma 3.3. From the fact that J(Π) is completely g-trace free it follows that 2B(Π) = 2J(Π) ipa g qa J(Π) jqb g pb = |J(Π)| .6) .
The conclusion of Lemma A.4 transported to the sequence (3.28) is stated in Lemma 3.7.
Given a flat [∇] ∈ P(M ) define the presheaf of projective Killing fields on M by
for an open set U ⊂ M . The restriction homomorphisms are given by ordinary restriction of vector fields. It is clear that P is a sheaf of Lie algebras. Let i : P → C 0 be the inclusion homomorphism. is a fine resolution of the sheaf P of projective Killing fields and an elliptic complex. The cohomology of the complex C
• (M ) of global sections is isomorphic to the Cech cohomology of the sheaf P of projective Killing fields. If M is compact these cohomologies are finite-dimensional.
